In the context of Extended Teleparallel gravity theories, we address the issue of junction conditions required to guarantee the correct matching of different regions of spacetime. In the absence of shells/branes, these conditions turn out to be more restrictive than their counterparts in General Relativity as well as in other extended theories of gravity. In fact, the general junction conditions on the matching hypersurfaces depend on the underlying theory. This result imposes strict consequences on the viability of standard solutions such as Einstein-Straus-like constructions, where new and different solutions may be found. However, by imposing an extra condition, the continuity of the scalar torsion, the usual first and second junction conditions of General Relativity are recovered. We also discuss the existence of solutions depending on the choice of tetrad fields.
I. INTRODUCTION
Teleparallel gravity is a gravitational theory for the translation group, associating a Minkowskian tangent space to every point of the spacetime. Teleparallel gravity parallely transports the so-called vierbains/tetrads field, providing the name of the theory (c.f. [1] for a comprehensive review). In order to achieve this, the theory is constructed in terms of the so-called Weitzenböck connection instead of the Levi-Civita connection. Unlike the Levi-Civita connection, the Weitzenböck connection is not commutative under the exchange of the lower indices, which not only induces a nonzero torsion, but also a zero Ricci scalar. Nevertheless, Teleparalell gravity, whose covariant action is constructed in terms of the scalar torsion, represents an equivalent picture to General Relativity (GR) despite their conceptual differences. Indeed, every solution of GR is also a solution of teleparallel gravity. In addition, over the last few years, some extensions of Teleparallel gravity have attracted some interest, especially regarding the analysis of cosmological solutions. This is due to the fact that Dark Energy may be described within the framework of these theories (c.f. [2] ).
In analogy to higher-order theories of gravity, such as f (R) theories [3] , Teleparallel gravity has been studied by constructing a gravitational Lagrangian in terms of a more complex function of the torsion scalar, giving rise to the so-called f (T ) theories. When introducing extra terms in the action, the aforementioned equivalence between GR and Teleparallel gravity now holds between f (T ) and f (R) theories. However, the f (T ) gravitational field equations are second order in comparison with the fourth order gravity theories, so that their equations become simpler. This leads for instance to interesting differences because no extra gravitational waves modes appear (in comparison to GR) [4] . Furthermore, the inflationary scenario has been studied in these theories [5] , as well as the non-invariance of the theory under local Lorentz transformations [7] . In addition, some other extensions of Teleparallel gravity have been also proposed, such as conformally invariant actions in Teleparallel gravity [6] .
As it is widely known, Teleparallel gravity theories are not invariant under local Lorentz transformations since they endow the spacetime with an absolute parallelisation (see Ref. [7] ). Thus, the tetrad fields usually differ from the expected square root of the metric tensor when the metric tensor is diagonal and the non-invariant theory will be sensitive to the choice of tetrads. Consequently, the determination of the correct tetrad fields leading to a metric tensor with some desirable symmetries, has attracted some attention in the last few years. The key-point lies in the requirement of a correct parallelisation of spacetime, i.e., the correct choice of tetrads, in order to guarantee the recovery of a given metric tensor solution. In fact, the choice of some tetrads may impose restrictions on the form of II. f (T ) GRAVITY Teleparallel gravity can be described by an orthonormal basis of tetrads e A (x µ ) defined in the tangent space at every point x µ of the spacetime. Then, the metric can be expressed in terms of the tetrads as follows
where η ij = diag(+1, −1, −1, −1) and e In addition, in Teleparallel gravities, the connection describing the covariant derivatives of is given by the Weitzenböck connection instead of the Levi-Civita connection:
which leads to a vanishing scalar curvature but non-zero torsion. Then, the torsion tensor T α µν is defined as the antisymmetric part of the connection (3):
while the contorsion tensor K µν α is defined as the difference among the Weitzenböck and the Levi-Civita connections:
or equivalently,
Furthermore, in order to construct the gravitational action, a tensor S µν α is defined, by using the torsion and contorsion tensors:
whereas the torsion scalar is constructed by the product of the torsion tensor (4) and the tensor (7):
Alternatively, the torsion scalar can be also expressed in terms of the torsion tensor:
Then, the well-known action for Teleparallel gravity is given by [1] 
In analogy to f (R) gravity, this action can be generalised to more general functions of scalar torsion:
By assuming a matter action S m = eL m rmd 4 x with L m being the matter Lagrangian, the field equations can be obtained by varying the action (11) with respect to the tetrads, yielding
where T holds for the matter energy-momentum tensor, f T = df (T )/dT and
In addition, by using the contorsion tensor (5), the relation between the Ricci scalar and the torsion scalar yields,
From now on D µ will represent the covariant derivative with respect to the Levi-Civita connection. Thus, it is straightforward to check that Teleparallel gravity is equivalent to General Relativity, since the covariant derivative in (13) can be removed in the action (10) . Furthermore, the relation (13) enables us to rewrite the field equations (12) in the more usual covariant description,
where R µν and R the Ricci tensor and Ricci scalar, respectively. Let us stress at this stage that by setting f (T ) = T , the field equations (14) reduce to the standard Einstein field equations.
III. ADM DECOMPOSITION IN TELEPARALLEL GRAVITY
In order to determine the junction conditions between different regions of a spacetime for the theory studied in this paper, it is convenient to use the ADM formalism [25] . Once it is introduced the discontinuities and Dirac-like distributions within the field equations can be more easily analysed using Gaussian coordinates. Let us begin by considering the usual ADM formalism and foliate the spacetime into hypersurfaces of constant time, such that the metric can be written as follows
Then the Ricci scalar can be rewritten in terms of the above metric:
where Θ ij is the extrinsic curvature of the hypersurface of constant time t:
Here both dot and ∂ 0 denote derivative with respect time t. In the case of f (T ) theories, the set of tetrads which gives the metric (15), is not unique and each choice may lead to different solutions. Consequently, for simplicity the following set of tetrads will be assumed [24, 26] :
where
is the set of spatial components of the tetrads, where i = 1, 2, 3 refers to the spatial indexes of the spacetime and a = 1, 2, 3 denotes the indexes referred to the tangential space. Then, the above metric is related to (18) through (2), leading to
where again a, b = 1, 2, 3 are raised and lowered with η ab . Then, the torsion components are given by,
HereD j refers to the covariant derivative defined in terms of the Weitzenböck connection (3). In addition, the expression of the torsion scalar can be easily obtained by using the relation (13) and the expression of the Ricci scalar (16):
Alternatively and in analogy with the extrinsic curvature (17), we may define the extrinsic torsion as follows,
which is related to the extrinsic curvature (17) bỹ
whereas the scalar torsion can be rewritten in terms of the extrinsic torsion (22):
In the next section, we use this formalism for foliating the spacetime into hypersurfaces that act as matching boundaries between different regions of the spacetime, so that the ADM formalism allows us to express the geometrical sector of the field equations in terms of geometrical magnitudes defined on the hypersurface.
IV. JUNCTION CONDITIONS
Let us now study the junction conditions for a general f (T ) action. Here we consider the case where only jumps in the matter sector are allowed, so that there are no shells/branes located at the boundary, only discontinuities in the energy-momentum tensor. In other words, the matter side of the equations does not contain any delta function in the distribution, which forbids any delta function within the gravitational sector of the field equations. In order to obtain the junction conditions, we can express the metric tensors in a Gaussian-normal frame adapted to describe the aforementioned scenario with two regions:
For this particular choice of the coordinates, the boundary between the two different spacetime regions can be located at y = 0, where γ * ij is the induced metric or first fundamental form in the matching hypersurface and each region of the spacetime induces a particular metric. Then, the set of tetrads describing the metric (25) can be chosen as follows
which yields γ ij = η ab γ a i γ b j . The non-zero components of the torsion tensor are given by (27) and the contorsion tensor and the tensor S µν α is
Thus, with the help of the ADM decomposition discussed in the previous section, the torsion scalar (24) is easily obtained in terms of the extrinsic torsion,
where, in the coordinates frame (25) the extrinsic torsion satisfiesΘ ij = Θ ij = − 1 2 ∂ y γ ij . Recall that the foliation of the spacetime is realised by hypersurfaces of constant y. Then, the junction conditions at the hypersurface y = 0 can be obtained by analysing the field equations for a general f (T ) action through the equations (14) . The y − y, y − j and i − j components of the field equations are
where G µν = R µν − 1 2 g µν R is the Einstein tensor whose components are given by [20] 
Hence, the junction conditions can be now analysed on the hypersurface y = 0. It is straightforward to see that according to the definition of the extrinsic curvature, which contains first derivatives of the induced metric across the boundary and the expression of the scalar torsion (29), the first fundamental form has to be continuous in order to avoid powers of deltas in the expression of T . This leads to
which can be also expressed in terms of the tetrads as follows,
Then, we see in the field equations (30) that the ij-component is the only one that may contain delta-like distributions through the terms,
which give
Finally taking the trace of the above expression, the second junction condition is obtained, namely
Remember that, by assuming f T = 0, i.e., Teleparallel gravity, the usual junction conditions of GR are recovered, where (36) turns out to [Θ ij ] + − = 0. In addition, the second junction condition is model-dependent what means that in general, matchings in GR will not be possible to be reconstructed in f (T ). Nevertheless, in order to recover the solutions of GR, we may consider a more restrictive set of conditions that follow by imposing the continuity on both terms of the left-hand side (l.h.s.) of equation (34) separately. This would involve the continuity of the second fundamental form or extrinsic curvature:
which equivalently implies the continuity of the extrinsic torsion (24) . Then, provided that f T T = 0, the second term of the l.h.s. of (34) contains a divergence of the scalar torsion:
which leads to the condition
It is straightforward to check that (37) and (39) form a subset of the second condition (36). In conclusion, the junction conditions for a general f (T ) Teleparallel theory turns out to be (32) and (36). The novelty of these results with respect to other extended theories of gravity lies in equation (36), but also on the possibility of recovering GR the junction conditions from (37) and (39). In the following section, we illustrate the reconstruction procedure for Einstein-Straus model in general f (T ) gravity.
V. THE EINSTEIN-STRAUS RECONSTRUCTION
In this section let us consider the matching of two spacetime regions within the framework of extended Teleparallel gravity. We focus on the so-called Einstein-Straus model [23] . This reconstruction consists of an empty region with a point-like mass at the center, surrounded by an expanding FLRW spacetime. The aim here is to match both regions within the general framework of f (T ) gravity using the junction conditions found in the previous section. In the original Einstein-Straus construction, the interior solution is described by the Schwarzschild solution:
where dΩ 2 (2) = dθ 2 + sin 2 θdφ 2 . The set of tetrads that leads to the metric (40) is not unique, but for simplicity we may consider a diagonal set of tetrads [15] ,
where a = 0, ..., 3 refers to the indices of the tangent space. Then, it is straightforward to check that the set of tetrads (41) gives rise to the metric (40) by applying g µν = η ab e a µ e b ν . On the other hand, the exterior region consists of a FLRW spacetime, whose metric written in the usual comoving coordinates is given by:
.
Here the tilde is used to refer to those quantities defined in the FLRW region of the spacetime. The assumption of a diagonal set of tetrads, yieldsẽ
The boundary between both regions is located at r = R in the Schwarzschild spacetime and atr =R in the FLRW spacetime, so that we can proceed to apply the junction conditions shown in the previous section. To do so, let's obtain the induced metric on the hypersurface r = R from the Schwarzschild side, which yields
where the indexes {i, j} refer to coordinates defined on the hypersurface r = R and A = 1 − 2M r 1/2 . Moreover, the induced metric from the FLRW region gives
According to the first junction condition (32), the first fundamental form induced in each region have to coincide, i.e., [γ ij ] + − = 0, which gives the following relations
leading to γ ij =γ ij , whereas the induced set of tetrads at the hypersurface can be assumed to be
This gives γ ij = η 
while on the FLRW side, we obtainñ
Then, the extrinsic curvature is given by
whose non-zero components on the Schwarzschild side are
In the FLRW region, we haveΘ
In addition, the scalar torsion for the Schwarzschild tetrads (41) is given by
while the scalar torsion for the FLRW tetrads (43) yields
Let us now apply the second junction condition (36), i.e., [f T Θ ij ] + − = 0, to this setup. To do so, we may assume a particular action: for simplicity let's take f (T ) = T m , which leads to the conditioṅ
where the usual Einstein-Strauss model is recovered when T =T . This is clearly not the case, which can be seen by comparing (53) and (54). In order to recover Einstein-Strauss result, the continuity on the torsion tensor has to be guaranteed, so that the more restrictive conditions (37) and (39) have to be satisfied. However, as f (T ) gravity is not invariant under local Lorentz transformations, different sets of tetrads may lead to different solutions (see Ref. [7] ). In particular, it is well known that diagonal tetrads in (41) do not allow the existence of Schwarzschild solution for any action different from f (T ) = T , which obviously reduces to Teleparallel gravity or equivalently to GR. Nevertheless, by transforming the original set of tetrads (41) by applying a particular Lorentz transformation, the Schwarzschild metric might turn out to be a solution of a more general f (T ) action [8] . Let us therefore determine whether by a particular local Lorentz transformation, the Einstein-Straus model can be satisfied. Let us consider the transformation:
It is straightforward to check that pseudo-orthogonal Lorentz transformations, i.e., transformations Λ accomplishing ν . However, the f (T ) field equations are not invariant under the local Lorentz transformation (56), as can be easily shown through the covariant equation (14) , where only the case f (T ) = T recovers local Lorentz invariance [7] . Moreover, under Lorentz transformation (56), the torsion tensor is transformed as follows
Thus the torsion scalar yields
where ζ = It follows that different sets of tetrads related by the transformations of the form (56) lead to different solutions and consequences for different spacetime descriptions. For instance, within the framework of f (T ) = T gravity, the Schwarzschild metric is a solution only for some particular sets of non-diagonal tetrads. This situation also appears in the case of non-flat FLRW metrics, as pointed out in Ref. [8, 10] . This is also the case when matching different spacetime regions, and in particular in the Einstein-Straus model. The first junction condition remains unaffected by the local Lorentz transformation due to the fact that can be expressed in terms of Lorentz invariant quantities but the second junction condition (36) will be transformed since the torsion scalar T is not invariant under (58), which may lead to (37) and (39), recovering the junction conditions of GR and consequently its results.
In order to reproduce the Einstein-Straus model, we consider the following rotation
sin φ sin α − cos φ cos θ cos α 0 sin φ sin θ cos φ cos α − cos θ sin φ sin α − (cos φ sin α + sin φ cos θ cos α)
where α = α(r). Then, by applying this rotation matrix to the previous Schwarzschild tetrad (41), it yields
where A = 1 − 2M r 1/2 . Then, by keeping α arbitrary, the torsion scalar (53) for the Schwarzschild region turns out to be
Hence, by assuming
where C and T 0 are arbitrary constants, the torsion scalar (61) is
By also applying the rotation matrix (59) to the FLRW tetrads, where nowα =α(t, r), the FLRW tetrads transform to:
−ra(t) (sin φ cos α + cos θ cos φ sin α) ra(t) sin θ (sin φ sin α − cos φ cos θ cos α)
and the torsion scalar becomes:
Then, by settingα to be:
the torsion scalar becomesT
Then, assumingT 0 = T 0 , the GR junction conditions are recovered and in combination with (46), equation (55) leads in this case to the following well-known result [21] :
This condition requires that the FLRW side is filled with a pressureless fluid, whose energy coincides with the energy enclosed in the Schwarzschild region. Note however, that while keeping T =T in (55), the matching between a FLRW spacetime and the Schwarzschild solution will lead to different descriptions of the cosmic evolution that will depend on f (T ), while using the above non-diagonal tetrads gives rise to (68) independently of f (T ).
VI. CONCLUSIONS
In this paper, we have obtained for the first time in the literature the junction conditions matching two regions of a spacetime within the framework of the so-called f (T ) theories of gravity, a natural generalisation of Teleparallel gravity. One might have expected that since General Relativity and Teleparallel gravity are equivalent theories, the scenario of equivalence might be extrapolated to arbitrary functions of Ricci and torsion scalar, i.e., when comparing f (R) and f (T ) solutions. Despite this, we have shown above that f (R) and f (T ) do not constitute equivalent theories as it is obvious from our expression (13) . Therefore, matching results in f (R) gravity theories do not provide in principle any hint about the phenomenology in f (T ) theories.
Furthermore, the f (T ) field equations are not invariant under local Lorentz transformations, which may lead to different solutions while working with different sets of tetrads -a fact which is absent in fourth-order theories of gravity, where the choice of coordinates do not affect the existence of solutions. In this sense, we have shown how the non-invariance of the scalar torsion (58) allows one to transform the equations in such a way that the novel junction condition given by expression (36) (which is the only one affected by the change of frames) may be satisfied for a general f (T ). We have illustrated this fact for the Einstein-Straus model, where the matching between a Schwarzschildvacuum solution and a Robertson-Walker region leads to a different reconstruction than in the usual Einstein-Strauss model, as the second junction condition (36) depends on the underlying gravitational theory. Nevertheless, the usual matching of the Einstein-Straus model can be obtained whenever a particular rotation is applied, where the GR junction conditions are recovered by imposing continuity of the torsion scalar across the boundary. A natural consequence is that the Oppenheimer-Snyder collapse scenario [28] , which represents the complementary matching of the Einstein-Straus configuration, i.e., collapsing star to form a black hole, is directly addressed since its existence and phenomenology is equivalent to the Einstein-Straus construction studied here.
In addition, it is interesting to remember that the same issue (existence of solutions depending on the chosen tetrads) arises when dealing separately with a Schwarzschild and Friedmann-Robertson-Walker metric in the context of f (T ) theories. This may support the idea of the existence of good and bad tetrads, as pointed out in Ref. [8] .
In summary, we have obtained the general junction conditions for every f (T ) gravity, which modifies the ones of Teleparallel gravity, and leads to a model-dependent condition. However, the usual junction conditions may be recovered when imposing continuity on the scalar torsion, a requirement that may be satisfied by applying a particular Lorentz transformation. This demonstrates not only the necessity of further study to determine appropriated tetrad fields that describe the junction conditions properly, but also the necessity of analyzing possible new solutions that arises depending on the f (T ) action. Specifically, the idea that the Israel equations in the presence of shells/branes could be of universally valid for theories invariant under diffeomorphisms, as claimed for fourth-order theories of gravity [22] constitutes a natural extension of this investigation.
